
Eliashberg Theory of Strong-Coupled Superconductors
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𝜉𝜉𝑘𝑘 = 𝜀𝜀𝑘𝑘 − 𝜇𝜇
Cooper pairing interaction approximation

What are ℏ𝜔𝜔𝑐𝑐 and 𝑉𝑉?

Can we go beyond the approximation that D 𝐸𝐸𝐹𝐹 𝑉𝑉 ≪ 1?

In the strong electron-phonon coupling limit, the single particle states (𝑘𝑘,𝜎𝜎) are no
longer good eigenstates. These states are lifetime broadened by phonon emission.

Treat the gap Δ as a complex function of energy.  The energy-dependent phase is 
distinct from that of the coherent BCS gap.
𝐼𝐼𝐼𝐼[Δ(𝐸𝐸)] is due to the decay of quasiparticles and the creation of real phonons
Re[Δ(𝐸𝐸)] goes through resonant absorption when 𝐸𝐸~ℏ𝜔𝜔𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
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Self-consistent gap equation

Renormalization factors

Pairing strength

Matsubara frequencies: 𝑖𝑖𝜔𝜔𝑝𝑝 = 𝑖𝑖𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇(2𝑛𝑛 − 1) with 𝑛𝑛 = 0, ±1, ±2, …

Reduces to BCS with …

(𝜆𝜆 is like −𝑉𝑉)

𝛼𝛼2 is the electron-phonon coupling
𝐹𝐹(Ω) is the phonon spectrum

𝑍𝑍 𝑖𝑖𝜔𝜔𝑝𝑝 = 1 + λ

J. P. Carbotte, Rev Mod Phys 62, 1027 (1990)



Strong-Coupled Superconductors

𝜶𝜶𝟐𝟐 𝝎𝝎 𝐅𝐅 𝝎𝝎 is called the Eliashberg function.

With strong electron-phonon coupling, the Cooper pairs and quasiparticles have a
finite lifetime.  This is modeled by introducing a “gap function” ∆(ω) which is both 
complex and frequency dependent.

is called the McMillan parameter.

≈ 𝑒𝑒 𝑙𝑙𝑝𝑝𝑙𝑙

Tc is enhanced by strong-coupling effects:

𝑇𝑇𝑐𝑐 ≅ ℏ𝜔𝜔𝐷𝐷𝑒𝑒−1/ 𝜆𝜆−𝜇𝜇∗

𝐷𝐷 0 𝑉𝑉 = 𝜆𝜆 − 𝜇𝜇∗

As opposed to BCS weak coupling:

Phonon DOS
Electron-Phonon coupling

(more about Coulomb repulsion below)



Strong-Coupling Correction to Gap Ratio

≈ 𝑒𝑒 𝑙𝑙𝑝𝑝𝑙𝑙



The Eliashberg Function

Group velocity on
the Fermi surface

Element of Fermi 
surface area

Electron-phonon scattering 
from k to k’ with creation of
a phonon ħωλ,k’-k with
polarization λ

is a dimensionless measure 
of the strength of 
electron-phonon coupling.
Ranges from 0.1 to 1.7 in various metals

Ionic mass

DOS at EF

Fermi surface 
average of el-ph
matrix element2

Mean-square
phonon frequency

Weak-coupling BCS Approx:
λ << 1



Predictions for λ in the Strong Coupling Limit



𝑇𝑇𝑐𝑐 ~ 𝜆𝜆 𝜔𝜔2 ~
1
𝑀𝑀

In the strong-coupling limit:

Predictions for Tc in the Strong Coupling Limit

where M is the ionic mass.  This argues for materials light masses (hydrogen)

𝑇𝑇𝑐𝑐 = 0.183 𝜆𝜆 𝜔𝜔2 for λ > 10 and µ* = 0

Allen and Dynes, Phys. Rev. B 12, 905 (1975)

Tc increases with no saturation for very strong coupling!

N(0)<I2>



Prediction for Isotope Exponent α
in the Strong Coupling Limit

𝑇𝑇𝑐𝑐𝑀𝑀𝛼𝛼 = 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐

𝜆𝜆𝐵𝐵𝐵𝐵𝐵𝐵,𝑤𝑤𝑤𝑤𝑤𝑤𝑘𝑘 = 𝐷𝐷(0)𝑉𝑉𝑝𝑝

𝜇𝜇 = 𝐷𝐷(0)𝑉𝑉𝐵𝐵

𝜇𝜇∗ =
𝜇𝜇

1 + 𝜇𝜇 𝑙𝑙𝑛𝑛 𝜔𝜔𝐵𝐵/𝜔𝜔𝐷𝐷



N-I-S Tunneling

Tunneling Spectroscopy and the Eliashberg Function

Pb phonons
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Extracting the Eliashberg Function from Tunneling Spectroscopy  Data

Single 
phonon
peak

Complex
gap
function

Tunneling
conductance

∆ 𝜔𝜔 = ∆1 𝜔𝜔 + 𝑖𝑖 ∆2 𝜔𝜔

∆𝟏𝟏 𝝎𝝎
∆𝟐𝟐 𝝎𝝎

BCS

Eliashberg

∆2 𝜔𝜔 is large when phonon
emission is possible

∆2 𝜔𝜔 ~ 1 / lifetime of excitations
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DOS with complex ∆



Tunneling Spectroscopy and the Eliashberg Function

Phonon DOS F(ω) 𝛼𝛼2 𝜔𝜔 F 𝜔𝜔



Extracting the Eliashberg Function from Tunneling Spectroscopy  Data
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